The cosmological redshift drift could lead to the next step in high-precision cosmic geometric observations, becoming a direct and irrefutable test for cosmic acceleration. In order to test the viability and possible properties of this effect, also called Sandage-Loeb (SL) test, we generate a model independent mock data set so as to compare its constraining power with that of the future mock data sets of Type Ia Supernovae (SNe) and Baryon Acoustic Oscillations (BAO). The performance of those data sets is analyzed by testing several cosmological models with the Markov chain Monte Carlo (MCMC) method, both independently and combining all data sets. Final results show that, in general, SL data sets allow for remarkable constraints on the matter density parameter today Ωm on every tested model, showing also a great complementarity with SNe and BAO data regarding dark energy (DE) parameters.
auspicious target would be the Lyman-α forest measurements of distant quasars (QSO). With spectroscopic techniques to be operational in the near future, like CODEX (COsmic Dynamics and EXo-earth experiment) experiment [28] , proposed for the European-Extremely Large Telescope (E-ELT), or radio telescopes as SKA [29] , these observations will grant access to direct measurements of the Hubble parameter up to redshift ∼ 5, a so far not yet observed redshift range. Thus, the SL test will open a new "cosmological window".
Due to the near future possibilities to measure the cosmological redshift drift, this type of observations has recently drawn some attention. The reconstruction of the theoretical SL signal that different cosmological models would produce has been explored quite extensively [30, 31] . It comes out that the range and variety of the different cosmological redshift drift signals created by various models is remarkable: from those created by different proposals for dark energy's equation of state or modified gravity [32, 33] , to the ones created by backreaction in an inhomogeneous universe without the presence of dark energy [34] ; from the peculiar signals for Lemaître-Tolman-Bondi models [35, 36] , to even a null signal [37] for the R h = ct Universe, or other several exotic scenarios [38] [39] [40] [41] [42] [43] . SL signals have been used as an hypothetical geometric cosmic discriminant [44] [45] [46] to show the corresponding improvement in the constraints that can be achieved due to the degeneracy breaking (around 20% of improvements for dark energy parameters and even 65% for matter density). SL mock data sets have been applied with similar results as cosmic observational discriminators to test other various models, like interactive dark energy models [47, 48] , modified gravity [49, 50] , and other exotic cosmologies [51, 52] . Their power to differentiate models has been exploited also in the context of the model-independent approach of cosmography [53, 54] . Besides, some new approaches [55] can lead to ambitious ideas, such as real-time cosmology [56] .
We stress again the fact that the measurement of the cosmological redshift drift is not an easy pursuit, and requires quite a lot of planning due to the large observation time interval of the survey. Thus, foreseeing the contribution and behaviour of this type of measurements is important, and we precisely carry out here a quite thorough forecast analysis of cosmological redshift drift constraints on various cosmological models. The analysis includes a comparison between the proposed SL data with other future planned surveys, generating mock data based on the given specifications. Furthermore, unlike previous works, all mock data sets are generated in a fully model independent way, with no fiducial cosmological model chosen to generate the points. In Sec. II we introduce the mathematical formalism of the cosmological redshift drift, and then we give the details of the mock data sets we use for our predictions. We find it convenient to produce a SL data set, but also auxiliary SNe and BAO data. In Sec. III, we explain our MCMC procedure which will eventually constrain the cosmological models we have chosen as reference. Finally, in Sec. IV, we present and discuss the outcomes of that statistical analysis, and then summarize and outline the main conclusions.
II. COSMOLOGICAL REDSHIFT DRIFT
A preliminary straightforward calculation introduces the main observable quantity we are going to focus on, i.e. the cosmological redshift drift, (see for example [28] or [32] ). In an homogeneous and isotropic universe with a FriedmannRobertson-Walker metric, let us consider a source at rest emitting electromagnetic waves isotropically, without any (significant) peculiar velocity. Thus, the comoving distance between the source and an observer can be considered fixed. If the source emits electromagnetic waves during time (t e , t e + δt e ), and they are detected by the observer in the interval (t o , t o + δt o ), where t e is the emission time and t o is the time they reach the observer, then the following relation is satisfied:
provided the universe through which the waves travel is a spatially flat Friedmann-Robertson-Walker spacetime. If the time intervals are small (δt e , δt o t e , t o ), the above expression leads to the well known redshift relation between the emitted and the observed radiation:
where z e (t) is the redshift of the source as measured at a certain observation time t o . Other waves can be emitted by the source δt e time later, specifically, at time t e + δt e , and they will be observed at t o + δt o . In the case of these waves, it is straightforward to modify Eq. 2 regarding the new time periods and redshift. Thus, the observer can measure the difference between the redshifts observed at t o and t o + δ o :
Within the δt/t 1 approximation, the first ratio can be expanded to linear order:
Inserting Eq. 2 into the first order expansion in Eq. 4, an approximated expression for the redshift variation can be obtained:
Under the assumption that the observation time is today, we normalize by letting the corresponding scale factor satisfy a(t o ) = 1; and then, using both the Friedmann equation and the known redshift relation Eq. 2, we can rewrite the above expression in terms of the Hubble parameter H(z) =ȧ(z)/a(z):
with H 0 = H(z 0 ) being the Hubble constant today. This redshift variation can be expressed as a spectroscopic velocity shift ∆v ≡ c∆z e /(1 + z e ), and using the dimensionless Hubble parameter E(z) = H(z)/H 0 , we get the final expression
A. Sandage-Loeb mock data set
In order to generate our SL observational mock data set in a fully model independent manner, we try to derive a Hubble function from a phenomenological distance modulus, in a fashion similar to [57] . We propose this observable because it is well measured by Type Ia Supernovae (SNe) and can be extended to high redshifts, even if with lower precision, by Gamma Ray Bursts (GRBs, Mayflower sample) [58] . We model this phenomenological distance modulus as
where F f it is an ad hoc proposed function (among many) mimicking the luminosity distance. This phenomenological function is then fitted using the SNe data set Union 2.1 [11] for the low-redshift regime, and the GRBs sample calibrated by the Padé Method [58] for the high-redshift one. Once µ f it is fitted, other observational quantities relevant to our work can be easily obtained. For instance, the Hubble function can be derived recalling the relation:
where, in the spatially flat universe we are considering, the dimensionless luminosity distance d L is defined as
and µ 0 stores all the information related to the constants involved such as the speed of light c, the Hubble constant H 0 , and the SNe absolute magnitude. By comparing both distance moduli, µ from Eq. (9) and µ f it from Eq. (8), one can realize that the dimensionless luminosity distance d L (z) is equivalent to the function F f it . Thus, the dimensionless Hubble function is
Once such phenomenological dimensionless Hubble parameter E f it (z) is obtained, we can "mimick" all the cosmological probes we need for our analysis, as they are all related to it. In this way, we can create cosmological-modelindependent mock data sets, where the only intrinsic information we are using for E f it is that it has to be able to fit present data (in this case, SNe and GRBs). Of course, some arbitrariness lies behind the choice of the phenomenological function F f it ; we have tried to use the most general type of functions possible, and we have selected the best one based on a simple best-fitting (minimum χ 2 ) criterium. The best performing function we have found is where the values for the parameters are shown in Table I . It can be seen in Fig. 1 , in the top left panel, that this function fits the distance modulus points of the Union 2.1 [11] and Mayflower [58] data sets as much satisfactorily as a ΛCDM with Planck values, Ω m = 0.3121 (sixth column of Table 4 in [13] ). In the top right panel, we also compare the expansion rate function H which can be derived from Eq. (12) with the same Planck ΛCDM and with data from cosmic chronometers [59] . In the bottom left panel, the comparison between angular diameter distance derived from Eq. (12) and the same Planck ΛCDM is done, with the data coming as comoving angular diameter distance from galaxy clustering (BAO+FS column of Table 7 in [60] ) and physical angular diameter distance coming from quasar cross-correlation (Eq. (21) in [18] ). Finally, in the bottom right panel, we can also appreciate that the difference between our model and the Planck ΛCDM is minimal for the case of the distance modulus (∼ 0.1%), and small for both the Hubble function (∼ 2.5%) and the angular diameter distance (∼ 2%), all over the redshift range we cover with our mock data in our analysis.
Once we have our E f it (z), we only need to specify a fiducial value for the Hubble constant to insert in Eq. (7), whose effect is only the rescaling of the velocity shift value. We fix the value of H 0 = 67.51 km/s/M pc from the TT,TE,EE + lowP + lensing baseline model of Planck [13] . Then, for what concerns SL data, the points lie in the redshift range 2 < z < 5, randomly distributed within the following bins: 2 < z < 3 (13 points), 3 < z < 3.5 (7 points), 3.5 < z < 4 (4 points), 4 < z < 4.5 (3 points) and 4.5 < z < 5 (3 points). This way, we try to mimick the reduction of the number of data points while increasing the redshift as in [61] .
According to Monte Carlo simulations carried out to eventually mimick results from CODEX [28, 62] , the standard deviation on the measured spectroscopic velocity shift ∆v can be estimated as
where x is 1.7 for z ≤ 4, and 0.9 beyond that redshift, S/N is spectral signal to noise ratio of Ly-α, N QSO is the number of observed quasars and z QSO their redshift. The error for the mock data is given by assuming a fix number of integration time hours which yields a value of S/N = 3000 for the signal-to-noise ratio and N QSO = 30 for the number of quasars observed [63] . We also introduce some noise to disperse the data points around the fiducial value derived from E f it , using a Gaussian distribution centered on such values, and with a standard deviation corresponding to the expected error on the SL observation, σ ∆v , obtained by error propagation from the fitted parameters of the selected function Eq. (12) .
Note that the magnitude of the observed cosmological redshift drift is proportional to the observation period, although the error does not dependend on it. Thus, once a data set for some given observational time ∆t A is created, any new mock data set with different observation period ∆t B can be easily calculated by
We use three observation periods of 24, 28 and 32 years, which are the most illustrative among the data sets tested. The resulting data sets for SL test can be seen on Fig. 2 .
B. Auxiliary Mock Datasets
We include additional future mock data sets alongside the cosmological redshift drift data set so as to constrain models better. Basically, the reason why we introduce in the picture these other probes is our interest on studying and quantifying the relative performance of SL with respect to more standard and used probes, and our aim of finding out (12) (solid red) with that corresponding to the Planck ΛCDM (dashed blue) described in the text. Grey dots and bars are expansion rate values and related errors from cosmic chronometers and black ones our generated mock data. Bottom left panel: comparison of the DA(z) function derived from Eq. (12) (solid red) with that corresponding to the Planck ΛCDM (dashed blue) case described in the text. Grey dots and bars are angular diameter distances values and related errors from BOSS and SDSS, and black ones our generated mock data. Bottom right panel: relative residuals between our model and the Planck ΛCDM for the Hubble function (dashed blue), the distance modulus (solid black) and the angular diameter distance (dotted red).
whether the cosmological redshift drift data have some degree of complementarity with them, thus providing eventual tighter constraints. These auxiliary mock data sets are created from the same model independent function Eq. (8).
W-First SNe
The first mock data set we produce is a SNe catalogue based on the W-First forecast [25] , which includes 2725 SNe randomly picked in redshift bins of δz = 0.1 spread through a redshift range of 0.1 < z < 1.5 according to the distribution given by [25] .
Given that in the SNe case what one measures is the distance modulus, we can make direct use of the fitted function Eq. (8) to generate the mock data points. As in the SL case, we also introduce some Gaussian noise to disperse the data points around the mean value.
To create the error bars for this catalogue and the dispersion for the Gaussian noise, we use the information given in [25] . The statistical errors they account for are the following: the photometric measurement error, σ meas = 0.8; the intrinsic luminosity dispersion σ int = 0.08; and the gravitational lensing magnification σ lens = 0.07. Besides, they assume a systematic error σ sys = 0.01(1 + z)/1.8. Thus the total error per SNe is:
where σ stat = σ 2 meas + σ 2 int + σ 2 lens and N SN is the number of SNe in the bin. The data set generated for the W-First SNe survey is shown on Fig. 1 . 
Euclid BAO
The second data set we consider is BAO. We choose the future Euclid survey [24] as the experiment to reproduce. The two quantities we consider are the angular diameter distance
normalized by the sound horizon D A (z)/r s , and the Hubble parameter times the sound horizon, H(z) r s , where the value of r s = 144.71 M pc, consistent with the previous H 0 , is used according to [13] . Both the angular diameter distance and the Hubble parameter are reconstructed using again the function Eq. (8). We have already discussed that the Hubble parameter can be inferred as in Eq. (11), once a value for H 0 is decided. Instead, in order to derive the angular diameter distance from the same Eq. (8), we use its definition and its relation with the luminosity distance
The redshift values of the data set are taken from [64] , and they specifically are the central redshfits of 15 bins with δz = 0.1 width, spread from z = 0.5 to z = 2.1. The error in each redshift value for both D A and H 0 is build from the percentage error given also in [64] . Finally, we introduce some Gaussian noise using the error from each bin as dispersion when generating the points D A (z)/r s and H(z) r s . The resulting data sets can be seen at Fig. 1 before normalizing the observables by the comoving sound horizon r s .
III. TESTING MODELS
Within the Bayesian framework, we wish to find out how SL constrains the probability distribution function of some cosmological parameters. For that purpose, we need the posterior distribution, or equivalently the likelihood, which can be straightforwardly computed with MCMC sampling while minimizing the χ 2 function. The knowledge of the posterior probability gives a better and more complete information about the parameters, including the full correlation among them.
Thus, once we have the mock data sets, we build the χ 2 function for each observable and, once all contributions are summed up, we minimize the total χ 2 in order to perform our statistical analysis. The χ 2 contribution for the spectroscopic velocity shift is simply
where ∆v theo i = ∆v(z i ) follows from Eq. (7), while errors σ ∆vi are given by Eq. (13) . The errors are arranged into a diagonal covariance matrix. Depending on whether the SL surveys will use overlapping redshift bins or not, the error could be more realistically given by a non-diagonal covariance matrix. As we lack such information, we adopt the optimistic diagonal covariance matrix assumption, always keeping in mind that it could lead to a general underestimation of the global errors on the cosmological parameters. The period of observation ∆t o , that will be specified below, changes depending on the mock SL survey tested. In the case of the χ 2 contribution of SNe, the χ 2 reads:
where the error is given by Eq. (15). We can marginalize χ 2 over the parameter µ 0 by expanding the χ 2 in Eq. (19) with respect to µ 0 as
where
we can retrievẽ
whereχ 2 SN has now no dependence on the µ 0 parameter. We have to point out that also in this case we are using a diagonal covariance matrix, because it is not possible to forecast out-of-diagonal terms; this can lead to underestimated errors on cosmological parameters. With BAO we have two correlated measurements to contribute to the total χ 2 ; these are H(z) r s and D A (z)/r s . With the Hubble parameter from our phenomenological fit and the angular diameter defined in the previous section, the comoving sound horizon r s reads
where the sound speed is c s = c/ 3
and T CM B = 2.725 [65] . The comoving sound horizon r s (z * ) is evaluated at photon-decoupling epoch redshift given by the fitting formula [66] 
where Ω b and Ω b are the baryon and matter content of the universe and h = H 0 /100. The BAO contribution is calculated independently for each redshift, χ
BAOi , but taking into account the correlation of the magnitudes, each term at each redshift has the form
whereH i andD i are the differences between the model predicted and the mock generated measurements:
The [67] . Since CMB data are not used, SNe data are marginalized over the parameter H 0 , and BAO data do not give information about it (because D A /r s (z * ) and H r s (z * ) do not basically depend on it), the parameters H 0 and the combination Ω b h 2 cannot be well constrained. Thus, we also include a Gaussian prior for H 0 and Ω b h 2 , with H P lanck 0 = 67.51 ± 0.64 and for Ω b h 2 P lanck = 0.02226 ± 0.00016 both derived from Planck [13] . The minimization of the χ 2 function was performed using the MCMC method [68] [69] [70] , with a Wolfram Mathematica self-developed code based on the Metropolis-Hastings algorithm. In order to see the contribution of each mock data set to the total χ 2 , we have also run chains for each data set separately. In this way, we compare the cosmological redshift drift data with those from the other future surveys, and find out whether it will be useful and up to what extent. Moreover, for a round analysis regarding the viability of the Sandage-Loeb test and the performance of the future (mock) surveys, several dark energy scenarios are put to the test.
A. ΛCDM
The first model we test is the extremely well-known ΛCDM model [71, 72] , which has no degree of freedom in the dark energy equation of state and whose dimensionless Hubble parameter is given by
taking Ω Λ = 1 − Ω m − Ω r with [73] Ω r = Ω m 1 + 2.5 × 10 4 h 2 Ω m (T CM B /2.7)
and using T CM B = 2.7255 K [65] . We enforce 0 < Ω m < 1, and 0 < Ω b < Ω m < 1 as physical priors, and we do the same for all the rest of models analysed in this paper. The results of the Bayesian analysis for the ΛCDM model can be seen on Table II and Fig. 4 .
B. Quiessence
The second model tested is quiessence [74, 75] , with a single degree of freedom in the dark energy equation of state parameter (i.e. no redshift dependence). Its dimensionless Hubble parameter is given by
where all the parameters except w are built like in the ΛCDM model and have the same priors. The parameter w has the prior −5 < w < 0. This range was chosen decided after having verified that expanding it further has no influence on results. Table III and Fig. 5 show the results for quiessence model.
C. Slow-Roll Dark Energy
We consider another one-parameter dark energy model, coming from the slow-roll dark energy scenario described in [76] . Its dimensionless Hubble parameter, taking into account a radiation component [77, 78] is given by
.
For δw we impose a prior of the same width as that of the parameter w of quiessence, but as δw is supposed to have its mean value at δw = 0, we design its prior accordingly. Thus, we take −2.5 < δw < 2.5. The results for the the slow-roll dark energy model can be found on Table IV and Fig. 6 .
D. CPL
We are also interested in testing models of dark energy whose equation of state parameter w has more than one degree of freedom. As our first two-parameter dark energy model, we take the CPL model [79, 80] , its dimensionless Hubble parameter being
where all the terms except w 0 and w a are built like in previous models and with the same priors. The parameter w 0 has the same prior as w does in quiessence; and we take −5 < w a < 5 for the second parameter. We demand in this case w a + w 0 < 0 in order to have an equation of state for the DE component which is negative in the asymptotic past. Table V and Fig. 7 give the results of our Bayesian analysis for the CPL model.
E. Lazkoz-Sendra pivotal Dark Energy
We consider another model with two parameters for the equation of state for DE [81] , which can be understood easily as a perturbative departure from ΛCDM up to second order in redshift. Even though it is a different parametrization as compared to CPL, it can be also expressed in terms of the parameters w 0 and w a with the same interpretation: w 0 is the value of equation of state of the dark energy at present, whereas w 0 + w a is its value in the asymptotic past. Specifically, the Lazkoz-Sendra pivotal dark energy parametrization has the following dimensionless Hubble parameter:
X(a) = a −3(1+w0+wa) e where all the relative densities Ω i are built like in the CPL case, having all the parameters also the same priors as in CPL, including w 0 and w a . In the case of the Lazkoz-Sendra model, the results of the Bayesian analysis are shown in Table VI and Fig. 8 .
IV. RESULTS AND CONCLUSIONS
In the summary tables for each model, we present the minimum value of χ 2 , the constraints for all the free parameters and the reduced χ 2 red . As explained in previous section, the χ 2 -minimization is done using different combinations of data sets. In the tables we first show the results from using BAO and SNe separately and those from joining both; then, we move on to present the results from SL only, and then, finally, those for the total SNe+BAO+SL combination. When using SL data, each data set with different observation years is treated separately. In this way, the performance of the cosmological redshift drift data sets can be clearly analysed. For each model we also show the confidence contours for the most interesting cosmological parameters. Each MCMC round is tested for statistical convergence using the method described in [82] .
In the ΛCDM scenario we find that the cosmological redshift drift data provide remarkably good constraints on Ω m : when those data are used alone we get standard deviations on Ω m which are 2 − 3 times smaller that those from the SNe+BAO combination. Considering the broad priors taken for Ω m in all cases, and the negligible correlation between the Hubble constant h and Ω m , 1 we conclude that the result for the matter density Ω m is not influenced by any prior and is solely given by the data.
Indeed, the SL data sets always do better in constraining Ω m than the SNe data, and depending on the model and on the years of observation, even better than the BAO data set. Once we combine the SL data set with the other two, the cosmological redshift drift is still helpful, even though the BAO+SNe data set already improves greatly the constrains in the parameter space. In general, it is clear that the cosmological redshift drift data helps considerably to constrain the parameter Ω m in all the models.
Regarding the dark energy parameters, we can observe that for most of the cases, the 24 years of observation for SL is not enough to constrain them properly, as it can be clearly seen for example from the contours of the parameters w 0 and w a in Figs. 7 -8 . With 28 years SL data, the 1σ regions improve noticeable, and with 32 years of observation both 1σ and 2σ regions are well constrained for all the DE parameters. The best example is in Fig. 8 , as stated, but similar behaviour can be appreciated in the rest of the models. Besides, it is clear that increasing the observation years improves the overall constraining ability of the cosmological redshift drift data sets. It is worth to note that in all these cases, the contours of the SL data set are almost perpendicular to the contours of the SNe and BAO data sets, thus showing a great complementarity between SL and the rest of the data sets [83] , as for example in the Ω m − w plane for the quiessence model, Fig. 5 , or for the dynamical dark energy models, Figs. 6 -7 -8. This is very important, because it means that even the cosmological redshift drift data set with the lowest observation period, noticeably contributes to improved dark energy insights when used as cosmological probe together with other kind of observations. However, if one focuses on the w 0 and w a parameters, two things can be noted: first, that the best fit for the SNe+BAO case is completely different from the values derived from SNe and BAO only analysis (this is more evident for w a than w 0 ); second, the errors on the w 0 and w a parameters slightly increase when adding cosmological redshift drift data to the SNe+BAO data. Both trends might have an explanation. For what concerns the first one, if we look at the left panel of Fig. 3 (this is for the CPL case, but it holds true for the LS model as well), we can see how unsatisfactorily the SNe and BAO contours overlap: the borders of the 1σ confidence levels show a small overlap in a region which is far from the best fit expected for each of them when considered separately. This reduces the constraints on the parameters in a considerable way and shifts the best fit estimations (not only in w a , but also on Ω m ). But note also that this behavior is somehow expected and might be counter-productive in the future, as explained in [84] . Anyway, we must also remember we are working with mock data, not real ones, and the potential future goodness of the joint use of SNe and BAO at the present, and maybe in the near future, is not put at stake. Moreover, we have to remember that in order to gain more insights into a dynamical dark energy model, we need to improve the number and the quality of data at high redshift; that is the reason behind pushing SNe observations to higher redshifts [85] , for example, or employing BAO data at z ∼ 2. But the strongest hints about the dynamical nature of the dark energy might come from data like SL, which are able to cover a larger and deeper redshift range. And the second issue discussed above should be exactly connected to this: if we check again the right panel of Fig. 3 , we can see how the SL data set alone, which should be more sensitive to a dynamical dark energy, determines a consistent shift in the parameter w 0 with respect to the SNe+BAO case but with smaller uncertainty with respect to both SNe and BAO data separately, which eventually ends in a slightly large error for this parameter for the total SNe+BAO+SL sample. In the case of models with a single DE parameter, that is, whose equation of state is fixed during time, high redshift SL data are also helpful. In the extreme case when SL data are added to the SNe+BAO data set, even the SL data with lowest observational period help constrain the single parameter of DE. However, it is also remarkable how every data set, separately, constrains the single DE parameter to a different value. Taking into account that the redshift range of each data set is quite different, the fact that separately they measure a different value for the parameter could be an evidence for a time evolution in the equation of state of DE. This is a clear example of another application for the SL observation, where its high redshift data could easily test the time evolution of the equation of state of DE once compared to the results of other data sets coming from different sources.
A lot of what has been stated above can be easily inferred upon closer examination of the various contours plots. However, these plots are more useful for analyzing the correlation between different parameters. As stated previously, in most of the contour plots, a different correlation angle can be seen for the cosmological redshift drift data comparing the other data sets. Thus, it clearly emerges that SL data sets will be of utmost importance in breaking degeneracies among cosmological parameters. Besides, considering the high redshift data that will be available thanks to cosmological redshift drift, we conclude that it can be a cosmic observable much worth to consider. 
